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Abstract
We study some new generalized diﬀerence strongly summable sequence spaces of
fuzzy real numbers using ideal convergence and an Orlicz function in connection
with de la Vallèe Poussin mean. We give some relations related to these sequence
spaces also.
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1 Introduction
Let ∞, c and c be the Banach space of bounded, convergent and null sequences x = (xk),
respectively, with the usual norm ‖x‖ = supn |xn|.
A sequence x ∈ ∞ is said to be almost convergent if all of its Banach limits coincide.
Let cˆ denote the space of all almost convergent sequences.
Lorentz [] proved that,
cˆ =
{





xn + xn+ + · · · + xm+n
m +  .




x ∈ ∞ : limm tm,n(|x – Le|) exists uniformly in n for some L
}
,
where, e = (, , . . .).
Let σ be a one-to-one mapping from the set of positive integers into itself such that
σm(n) = σm–(σ (n)),m = , , , . . . , where σm(n) denotes themth iterative of the mapping
σ in n, see [].
©2013 Kılıçman and Borgohain; licensee Springer. This is an Open Access article distributed under the terms of the Creative Com-
mons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and repro-
duction in any medium, provided the original work is properly cited.
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Schaefer [] proved that
Vσ =
{





x + xσ (m) + · · · + xσ k (m)
k +  , t–,m = .
Thus, we say that a bounded sequence x = (xk) is σ -convergent if and only if x ∈ Vσ such
that σ k(n) = n for all n≥ , k ≥ .
A sequence x = (xk) is said to be strongly σ -convergent (Mursaleen []) if there exists a





|xσ i(m) – | → , as k → ∞ uniformly inm. ()
We write [Vσ ] to denote the set of all strong σ -convergent sequences, and when ()
holds, we write [Vσ ] – limx = .
Taking σ (m) =m + , we obtain [Vσ ] = [cˆ]. Then the strong σ -convergence generalizes
the concept of strong almost convergence.
We also note that
[Vσ ]⊂ Vσ ⊂ ∞.
The notion of ideal convergence was ﬁrst introduced by Kostyrko et al. [] as a general-
ization of statistical convergence, which was later studied by many other authors.
An Orlicz function is a function M : [,∞) → [,∞), which is continuous, non-
decreasing and convex withM() = ,M(x) > , for x >  andM(x)→ ∞, as x→ ∞.











<∞, for some ρ > 
}
.
The space M with the norm
‖x‖ = inf
{









becomes a Banach space, which is called an Orlicz sequence space.
Kizmaz [] studied the diﬀerence sequence spaces ∞(), c() and c() of crisp sets.
The notion is deﬁned as follows:
Z() =
{
x = (xk) : (xk) ∈ Z
}
,
for Z = ∞, c and c, where x = (xk) = (xk – xk+), for all k ∈N .
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The spaces above are Banach spaces, normed by
‖x‖ = |x| + sup
k
|xk|.
The generalized diﬀerence is deﬁned as follows:











for Z = ∞, c and c.









The concept of fuzzy set theory was introduced by Zadeh in the year . It has been
applied for the studies in almost all the branches of science, where mathematics is used.
Workers on sequence spaces have also applied the notion and introduced sequences of
fuzzy real numbers and studied their diﬀerent properties.
2 Deﬁnitions and preliminaries
A fuzzy real number X is a fuzzy set on R, i.e., a mapping X : R → I (= [, ]) associating
each real number t with its grade of membership X(t).
A fuzzy real number X is called convex if X(t) ≥ X(s) ∧ X(r) = min(X(s),X(r)), where
s < t < r.
If there exists t ∈ R such that X(t) = , then the fuzzy real number X is called normal.
A fuzzy real numberX is said to be upper semicontinuous if for each ε > ,X–([,a+ε)),
for all a ∈ I , it is open in the usual topology of R.
The class of all upper semicontinuous, normal, convex fuzzy real numbers is denoted
by R(I).
Deﬁne d : R(I)×R(I)→ R by d(X,Y ) = sup<α≤ d(Xα ,Y α), forX,Y ∈ R(I). Then it is well
known that (R(I),d) is a complete metric space.
A sequence X = (Xn) of fuzzy real numbers is said to converge to the fuzzy number X,
if for every ε > , there exists n ∈N such that d(Xn,X) < ε for all n≥ n.
Let X be a nonempty set. Then a family of sets I ⊆ X (power sets of X) is said to be an
ideal if I is additive, i.e., A,B ∈ I ⇒ A∪ B ∈ I and hereditary, i.e., A ∈ I , B⊆ A⇒ B ∈ I .
A sequence (Xk) of fuzzy real numbers is said to be I-convergent to a fuzzy real number
X ∈ X if for each ε > , the set
E(ε) =
{
k ∈N : d(Xk ,X)≥ ε
}
belongs to I.
The fuzzy number X is called the I-limit of the sequence (Xk) of fuzzy numbers, and
we write I – limXk = X.







where In = [n – λn + ,n] for n = , , . . . .
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Then a sequence x = (xk) is said to be (V ,λ)-summable to a number L [] if tn(x)→ L as



























for the sets of sequences that are, respectively, strongly summable to zero, strongly
summable, and strongly bounded by de la Vallé-Poussin method.
We also note that Nuray and Savas [] deﬁned the sets of sequence spaces such as
strongly σ -summable to zero, strongly σ -summable and strongly σ -bounded with respect
to the modulus function, see [].
In this article, we deﬁne somenew sequence spaces of fuzzy real numbers by usingOrlicz
function with the notion of generalized de la Vallèe Poussin mean, generalized diﬀerence
sequences and ideals. We will also introduce and examine certain new sequence spaces
using the tools above.
3 Main results
Let I be an admissible ideal of N , letM be an Orlicz function. Let r = (rk) be a sequence of
real numbers such that rk >  for all k, and supk rk <∞. This assumption is made through-
out the paper.







(Xk) ∈ wF : ∀ε > 
{






















(Xk) ∈ wF : ∀ε > 
{






































for some ρ > .
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(Xk) ∈ wF : ∀ε > 
{






















(XK ) ∈ wF : ∀ε > 
{







































Similarly, when σ (m) =m+ , then [V ,λ,qp,M, r]I(F) , [Vσ ,λ,
q
p,M, r]I(F) and [Vσ ,λ,qp,







(Xk) ∈ wF : ∀ε > 
{




















(Xk) ∈ wF : ∀ε > 
{






































for some ρ > .


















Further, when λn = n, for n = , , . . . , the sets [Vˆ ,λ,qp,M]I(F) and [Vˆ ,λ,
q
p,M]I(F) are
reduced to [cˆ(M,qp)]I(F) and [cˆ(M,qp)]I(F), respectively.
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(Xk) ∈ wF : ∀ε > 
{





















(Xk) ∈ wF : ∀ε > 
{










))rk ≥ ε} ∈ I}

















qpXσ k (m), 
))rk ≥ K} ∈ I}.





)}rk ≥ ε} ∈ I as n → ∞ uni-
formly inm, then we write Xk → X ∈ [Vσ ,λ,qp,M, r]I(F).
The following well-known inequality will be used later.
If ≤ rk ≤ sup rk =H and C =max(, H–), then
|ak + bk|rk ≤ C
{|ak|rk + |bk|rk} ()
for all k and ak ,bk ∈ C.
Lemma . (See []) Let rk > , sk > . Then c(s) ⊂ c(r) if and only if limk→∞ inf rksk > ,
where c(r) = {x : |xk|rk →  as k → ∞}.
Note that no other relation between (rk) and (sk) is needed in Lemma ..
Theorem . Let limk→∞ inf rk > . Then Xk → X implies that Xk → X ∈ [Vσ ,λ,qp,
M, r]I(F). Let limk→∞ rk = r > . If Xk → X ∈ [Vσ ,λ,qp,M, r]I(F), then X is unique.
Proof Let Xk → X.
By the deﬁnition of Orlicz function, we have for all ε > ,
{













Since limk→∞ inf rk > , it follows that
{














and, consequently, Xk → X ∈ [Vσ ,λ,qp,M, r]I(F).
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Let limk→∞ rk = r > . Suppose thatXk → Y ∈ [Vσ ,λ,qp,M, r]I(F),Xk → Y ∈ [Vσ ,λ,qp,
M, r]I(F) and (d(Y,Y))rk = a > .


























































































From () and (), it follows that M( a
ρ
) = , and by the deﬁnition of an Orlicz function,
we have a = .
Hence, Y = Y, and this completes the proof. 
Theorem . (i) Let  < infk rk ≤ rk ≤ . Then
[
Vσ ,λ,qp,M, r
]I(F) ⊂ [Vσ ,λ,qp,M]I(F).
(ii) Let  < rk ≤ supk rk <∞. Then
[
Vσ ,λ,qp,M
]I(F) ⊂ [Vσ ,λ,qp,M, r]I(F).
















































≥ ε, uniformly inm
}
∈ I,
and hence, X ∈ [Vσ ,λ,qp,M]I(F).
(ii) Let r ≥  and supk rk <∞. Let X ∈ [Vσ ,λ,qp,M]I(F). Then for each k,  < ε < , there









≤ ε < 










































≥ ε, uniformly inm
}
∈ I.
Therefore, X ∈ [Vσ ,λ,qp,M, r]I(F).
This completes the proof. 
Theorem . Let XF (Vσ ,λ,q–p ) stand for [Vσ ,λ,q–p ,M, r]I(F) , [Vσ ,λ,q–p ,M, r]I(F) or
[Vσ ,λ,q–p ,M, r]I(F)∞ and m ≥ . Then the inclusion XF (Vσ ,λ,q–p ) ⊂ XF (Vσ ,λ,qp) is
strict. In general, XF (Vσ ,λ,ip) ⊂ X(Vσ ,λ,qp) for all i = , , , . . . ,p –  and the inclusion
is strict.
Proof Let us take [Vσ ,λ,q–p ,M, r]I(F) .
Let X = (Xk) ∈ [Vσ ,λ,q–p ,M, r]I(F) . Then for given ε > , we have
{











∈ I for some ρ > .
















(d(q–p Xσ k+(m),q–p Xσ k (m))
ρ
)}rk









































































Since the set on the right-hand side belongs to I , so does the left-hand side. The inclusion
is strict as the sequence X = (kr), for example, belongs to [Vσ ,λ,qp,M]I(F) but does not
belong to [Vσ ,λ,q–p ,M]I(F) forM(x) = x and rk =  for all k. 
Theorem . [Vσ ,λ,qp,M, r]I(F) and [Vσ ,λ,qp,M, r]I(F) are complete metric spaces,with
the metric deﬁned by
dσ (X,Y ) =
pq∑
m=

















for some ρ > 
}
,
where H =max(, (supk rk)).
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